ACCUMULATION

Accumulation with Approximating Area

1. Riemann Sums- Finding the area between the curve and the axis
by using the area of rectangles. A=h x w

A) Right-hand- Find the height of each rectangle by finding the
function’s value using the x-value on the right side of each

()

interval. *o
a

B) Left-hand- Find the height of each rectangle by finding the function’s value using the x-value

on the left side of each interval.

C) Midpoint- Find the height of each rectangle by finding the function’s value using the x-value

on the in the middle of each interval.

2. Trapezoidal rule- Finding the area between the curve and the axis by using the area of
trapezoids. A=%(bl+b2)h where the h is the width of each interval and b, and b, are the

function’s y values at the left and right hand of each interval.

Accumulating using the Fundamental Theorem of Calculus

It has been proven that if you could make infinitely many rectangles that have infinitely small width
and add them together you could find the area between the curve and the axis with very little error.

- 4 b-a.) b-a ¢

Makes an infinite lim Z fla+——j | —= = J- f (X) dx
number of n—wo 5 n n

rectangles with A /" \ /\I a

Height of Width of
rectangles rectangles

really small width

According to the Fundamental Theorem of Calculus, if f(x) is a continuous function and F(x)is the

antiderivative of f(x), then to find the value of the accumulated area on the interval [a,b]

b
jf(x)dx: F(b)-F(a).

Accumulating a rate

If you accumulate the area under a rate curve, then you find the net amount of whatever is changing in

the problem. For example, if you are given that the rate of cola consumption as r(t), then J'r(t) dtis

the amount of cola consumed over a 3 year period.

3
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Teacher Packet

Student Study Session Topic: Rate and Accumulation Questions

The integral of a rate of change gives the (net) amount of change. The general form of the
equationis F(x)=F (XO)+LX F'(t)dt,where x=x, is the initial time, and F (X, ) is the initial

value. Since this is one of the main interpretations of the definite integral the concept may
come up in a variety of situations. In a sense all integrals are accumulators. Particle motion
problems can often be approached as accumulation problems.

What should you know how to do?

e Understand the question. It is often not necessary to do as much computation as it

seems at first.
e Often these problems contain a lot of writing. Be ready to read, think and apply.

e Understand that “rate” indicates a derivative. The units of measure also indicate
derivative (miles per hour, gallons per minute, etc.) since you’re working with a

derivative, expect to integrate to find the amount.

e Typically the first part of the question asks for an amount, integrate (on your calculator)

for the first 2 or three points. 2000 AB4 (a), 2005 AB2 (a), 2006 AB 2(a)

e You may then be asked to write or work with a function that will look like

F(x):F(xO)JrjX

. f (t)dt. If appropriate the derivative is found easily using the

Fundamental Theorem of Calculus: F'(x)= f(x).

® You may be asked to explain the meaning of a derivative or definite integral or its value

in terms of the context of the problem.
e In-out problems: 2 rates of change work together 2000 AB4, 2005 AB 2
e Max/min and increasing/decreasing analysis 2000 AB 4, 2005 AB 2

e Multiple-choice questions may give the information needed in a graph or in a table.

By Lin McMullin © 2009, 2010 Lin McMullin, National Math and Science Initiative
AP* is a trademark of the College Board. The College Board was not involved in the production of this product.



Accumulation Multiple Choice for Student Prep Session
Multiple Choice
Identify the choice that best completes the statement or answers the question.

Questions 1 refers to the graph and the information given 3.
below. ———
t (sec) 0 2 4 6
y a(t) (f'sec” | 5 | 2 | 8

The data for the acceleration a(t) of a car from 0 to
6 seconds are given in the table above. If the

x velocity at t =0 is 11 feet per second, the
approximate value of the velocity att = 6,
computed using a left-hand Riemann sum with
three subintervals of equal length, is

| 1 i L i

= e ey e e e e =
i 1 ' 1 '

| i I

The function f is defined on the closed interval [0, 8].
The graph of its derivative f' is shown above.

1. ?;Cvl:/??at value of x does the absolute minimum of f é; gg 2//222
C) 37 ft/sec
A) 0 D) 39 ft/sec
B) 2 E) 41 ft/sec
C) 4
D) 6
E) 8 4.The rate of change of the altitude of a hot-air balloon

is given by #{#) = #* — 4+* + 6 for 0 <¢ < & Which

of the following expressions gives the change in
altitude of the balloon during the time the altitude is
decreasing?

Barrels per Hour

A) -|-3514

i' 1572 izt
0 6 12 18 24 B) ®
, 2 jﬂ (1)t
C) aser
The flow of oil, in barrels per hour, through a _[D rit)dt
pipeline on July 9 is given by the graph shown D) 351
above. Of the following, which best approximates J' r(Hdt
the total number of barrels of oil that passed 1572
through the pipeline that day? E) I:usm a
s

A) 500
B) 600
C) 2,400
D) 3,000

E) 4,800




A pizza, heated to a temperature of 350 degrees
Fahrenheit (°F), is taken out of an oven and placed

in a 75°F room at time t =0 minutes. The
temperature of the pizza is changing at a rate of

~110™* degrees Fahrenheit per minute. To the
nearest degree, what is the temperature of the pizza
at time t = 5 minutes?

A) 112°F
B) 119°F
C) 147°F
D) 238°F
E) 335°F

The graph of ', the derivative of the function f, is
shown above. If f (0) =0, which of the following
must be true?

I.f(0)>f(1)
I.f(2)>f()
. f (1) >f(3)

A) lonly

B) Il only

C) Il only

D) land Il only

E) Il and Il only

The graph of f', the derivative of f, is the line
shown in the figure above. If f(0) = 5. then f(1) =
A) 0
B) 3
C) 6
D) 8
E) 11

100e ™4
-5t

Insects destroyed a crop at the rate of 3
-

tons per day, where time t is measured in days. To

the nearest ton, how many tons did the insects

destroy during the time interval 7 = = 14?

A) 125

B) 100

C) 88

D) 50

E) 12

The graph of y = f(x) is shown in the figure above. If A,
and A, are positive numbers that represent the areas of
the shaded regions, then in terms of A; and A, ,

4 4
L Ax)dx- 2]_1 Ax)dx =

A) A

B) Ai-A,
C) 2A;-A,
D) A +A,
E) A +2A,

10.

x |2 (5 ({1014

f(x) |12 |28 (34 |30

The function f is continuous on the closed interval
[2, 14] and has values as shown in the table above.
Using the subintervals [2, 5], [5,10], and [10, 14],

14
what is the approximation of L A xidx found by

using a right Riemann sum?
A) 296
B) 312
C) 343
D) 374
E) 390



The expression

|| || || 50 .
5|:| [ oot ﬁ ] ISa
Riemann sum apprOX|mat|on for
A o [
IIZI ﬁ ax
B 1
) _[ »\f{;.:fx
a
C) 1
1 x
ﬁ '[D ﬁ cfx
D) 1 1
ﬁ '[D «j{;dx
50
— ,J;dx

E)

12. The closed interval [a, b] is partitioned into n equal
subintervals, each of width Ax, by the numbers
Xp.%p... .. X, Where
@=Xy ©X] <Xy € <X, ; £x,=h Whatis

mniﬁ,m:?

H—}lﬁi_l

A)

b
b

E) 11
2l 2% -t

4
13. If a trapezoidal sum overapproximates _[ Axdx,
0
and a right Riemann sum underapproximates
4
_[ Jlx1dx which of the following could be the
0

graph of y = f(x)?
A)

X

O = oW s

e
1 2 3 4

B)

qI\HNU.
L]

1231 4

C)

T-—Nup
L

1 2 3 4

D)

QY = oW

a7
1 2 3 4

E)

B = b os

123 4

X 2 5 7 8
f(x) 10 30 40 20

14.
The function f is continuous on the closed interval
[2, 8] and has values that are given in the table
above. Using the subintervals [2, 5], [5, 7], and [7,
8], what is the trapezoidal approximation of

E fx)dx?

A) 110
B) 130
C) 160
D) 190
E) 210



Accumulation Multiple Choice for Student Prep Session
Answer Section

MULTIPLE CHOICE

1.
2.

w

ANS: A DIF: Hard NOT: 1997 #9
ANS: D
“Barrels per hour” indicates that the graph is the graph of the rate at which oil is flowing; the rate is a derivaitve.
To find the amount of oil calculate the definite integral of the rate over the time interval (24 hours). This can be
approximated by finding the “area” between the graph and the x-axis. The “area” is about 5 rectangles each of
which has an “area” of 100 h:;uils -fihours = 600 barrels. The amount is 5 - 600 barrels = 3000 barrels.
Answer D
DIF: Easy NOT: 1998 #9
ANS: E DIF: Hard NOT: 1998 #91
ANS: A
Since r(t) is a rate of change, it is a derivative. The integral of a rate of change gives the net amount of change.
Thus A, B and C are possible answers. The balloon is losing altitude when the r(t) is negative. Graph r(t) and find
where it is negative.

=R F=YHiz+h M= =Yz +h

e, s s

gy T—

n=1.5z189449 Y= Z079BEES n=F 492617 Y=-Z17zE0R

In this case tracing the graph gives answers close enough that we can derermine which choice is correct: Choice A.
Note: If three decimal place accuracy is required do NOT use “trace” to find values.

DIF: Hard NOT: 2003 #82

ANS: A

The integral of a rate of change is the net amount of change so the temperature is the initial temperature plus the
net change:

350+ | -1100% s = 112°
a
%§E+Fﬁlﬁti'1199”

«dndamaB.00
112, 2172829




© © N

10.

11.
12.
13.

14.

DIF: Hard NOT: 2003 #84

ANS: D

The line above has the equation y = —fix + fi. This is the derivative of f so
df

e —fx+ 6

A =-3t v bx+ O

AT = =30+ 6(0)+ = 5
Axi=-3x" + 6x+ 5

A ==310% + 6010+ 5

Aly=8

DIF:  Medium NOT: 2003 #22

ANS: A DIF: Easy NOT: 2003 #80
ANS: B DIF:  Medium NOT: 2003 #90
ANS: D DIF: Hard NOT: 1997 #19
ANS: D

Add the area of the 3 rectangles indicated:
2281+ 5(34) + 4(30) = 374

Answer D
Note that B is the left Riemann sum and C is the trapezoidal rule approximation.

DIF:  Medium NOT: 2003 #25

ANS: B DIF: Hard NOT: 1997 #24
ANS: A DIF: Easy NOT: 1997 #25
ANS: A

If a trapezoidal sum overapproximates the integral the graph must be concave up (the top of the trapezoid lies
above the graph). If a right Riemann sum underapproximates the integral the graph must be decreasing (the right
side rectangle lie under the graph). So the graph must be decreasing and concave up -- Choice A.

DIF:  Medium NOT: 2003 #85

ANS: C

The altitude of each trapezoid lies on the x-axis and have lengths of 3, 2 and 1 respectively. The y-value given are
the bases of the trapezoids. Therefore, the sum of the area of the trapezoids is the approximation of the integral.

[; Ax)dx %(3)(1n+ 30 + % (Z)(30+ 40) + % (1340 + 20) = 160

Answer C

DIF:  Medium NOT: 1998 #85



2000 AB 4

4. Water is pumped into an underground tank at a constant rate of 8 gallons per minute. Water leaks out of the tank
at the rate of v¢ + 1 gallons per minute, for 0 < 7 < 120 minutes. At time ¢ = 0, the tank contains 30 gallons of
water.

(a) How many gallons of water leak out of the tank from time ¢t = 0 tot = 3 minutes?
(b) How many gallons of water are in the tank at time t = 3 minutes?
(c) Write an expression for A(z), the total number of gallons of water in the tank at time .

(d) At what time ¢, for 0 < ¢ < 120, is the amount of water in the tank a maximum? Justify your answer.

2005 AB 2
The tide removes sand from Sandy Point Beach at a rate modeled by the function R, given by

Rit)=2+ 55i11(4—m].

25
A pumping station adds sand to the beach at a rate modeled by the function S, given by

151

S() = 1+ 3t

Both R(r) and S(7) have units of cubic yards per hour and ¢ is measured in hours for 0 < 7 < 6. Attime 7 = 0.
the beach contains 2500 cubic vards of sand.
(a) How much sand will the tide remove from the beach during this 6-hour period? Indicate units of measure.

(b) Write an expression for ¥(7), the total number of cubic yards of sand on the beach at time 7.

(¢) Find the rate at which the total amount of sand on the beach is changing at time 7 = 4.

(d) For 0 =t = 6, at what time 7 is the amount of sand on the beach a minimum? What is the minimum value?
Justify your answers.

2008 AB 3

3. Oilis leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a
constant rate of 2000 cubic centimeters per minute. The oil slick takes the form of a right circular cylinder
with both its radius and height changing with time. (Note: The volume V of a right circular cylinder with

radius r and height h is given by V = xr*h.)
(a) At the instant when the radius of the oil slick is 100 centimeters and the height is 0.5 centimeter, the radius is

increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change of the height of
the oil slick with respect to time, in centimeters per minute?

(b

A recovery device arrives on the scene and begins removing oil. The rate at which oil is removed is
R(1) = 40041 cubic centimeters per minute, where ¢ is the time in minutes since the device began working.

Oil continues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when the oil slick
reaches its maximum volume. Justify your answer.

(c) By the time the recovery device began removing oil, 60,000 cubic centimeters of oil had already leaked.
Write. but do not evaluate, an expression involving an integral that gives the volume of oil at the time found
in part (b).



2009 AB B1

At a certain height, a tree trunk has a circular cross section. The radius R(7) of that cross section grows at

a rate modeled by the function

dR 1 . (.2 .

—— = —(3 +sin(7" )] centimeters per year

=163+ sin(?) per y

for 0 <7 < 3, where time ¢ is measured in years. At time ¢ = 0, the radius is 6 centimeters. The area of
the cross section at time ¢ is denoted by A(¢).

-

(a) Write an expression. involving an integral. for the radius R(r) for 0 < ¢ < 3. Use your expression to
find R(3).

(b) Find the rate at which the cross-sectional area .4(7) is increasing af time ¢ = 3 years. Indicate units
of measure.

3
(c) Evaluate I A’(t) dt. Using appropriate units, interpret the meaning of that integral in terms of cross-
0

sectional area.

2009 AB B6
f
(seconds) 0 8 | 20 | 25 | 32 | 40
v(1r) 3 ol ol
(meters per second)

The velocity of a particle moving along the x-axis is modeled by a differentiable function 1. where the
position x is measured in meters. and time 7 is measured in seconds. Selected values of v(7) are given in the

table above. The particle is at position x = 7 meters when 7 = 0 seconds.
. . . . .40 . .y
(b) Using correct units, explain the meaning of J v(f) dt in the context of this problem. Use a
20
. . . L ‘ . 40
trapezoidal sum with the three subintervals indicated by the data in the table to approximate J o V(1) dr.

(d) Suppose that the acceleration of the particle is positive for 0 < 1 < 8 seconds. Explain why the position
of the particle at 7 = 8 seconds must be greater than x = 30 meters.

2010 AB B3
; 12 ft T
f 0|2 (4]6|8]|10]12 4 fi
P()| 0|46 | 53|57 |60 |62 63 l

The figure above shows an ahoveground swimming pool in the shape of a cylinder with a radius of 12 feet and a
height of 4 feet. The pool contains 1000 cubic feet of water at time 7 = 0. During the time interval 0 <7 <12

hours, water is pumped into the pool at the rate P(t) cubic feet per hour. The table above gives values of P(r)

for selected values of 7. During the same time interval, water is leaking from the pool at the rate R(r) cubic feet

per hour, where R(f) = 25005

V= m'zh.}

(a) Use a midpoint Riemann sum with three subintervals of equal length to approximate the total amount of water
that was pumped into the pool during the time interval 0 <7 <12 hours. Show the computations that lead to
your answer.

. (Note: The volume ¥ of a cylinder with radius » and height 7/ is given by

(b) Calculate the total amount of water that leaked out of the pool during the time interval 0 <7 <12 hours.

(c) Use the results from parts (a) and (b) to approximate the volume of water in the pool at time # =12 hours.
Round your answer to the nearest cubic foot.



AP Calculus AB—4

2000

Water is pumped into an underground tank at a constant rate of 8 gallons per minute. Water leaks out

of the tank at the rate of /& + 1 gallons per minute, for 0 < ¢t < 120 minutes. At time ¢ = 0, the tank

contains 30 gallons of water.

(a) How many gallons of water leak out of the tank from time £ = 0 to ¢ = 3 minutes?

(b) How many gallons of water are in the tank at time ¢ = 3 minutes?

(¢) Write an expression for A(t), the total number of gallons of water in the tank at time &

(d) At what time ¢, for 0 < ¢ < 120, is the amount of water in the tank a maximum? Justify your

answer.

(a) Method 1: j:\/mfzt = _g_(t + 1) : - }3&
—or -
Method 2: L(#) = gallons leaked in first ¢ minutes
'fl—f =Jt+1; L{t)= %(t +1)¥ +cC

2
LO)=0 C=-3

2 2 14
=2 e _ 2 14
Lit) = 3t +1) 3 L8 =3
14 14
(b) 30+8-3——=—
(c) Method 1:
Aﬂ=3o+ﬁﬂ8—$p+nm
=30+8t—j;:\/x+1d:::
—or —
Method 2:
L SN S |
dt
At) =8t—§(t+1)3ﬂ +C
30=mm-§m+nw-+a o=3§

A(t) = 8t — %(t +1)%2 +-9—q2

(d) A'(t)=8-Jt+1=0 whent=63
A'(t) is positive for 0 < ¢t < 63 and negative for

63 < t < 120. Therefore there is a maximum
at t = 63.

Method 1:

2 : definite integral
1 : limits
1 : integrand

1 : answer

3

—or—
Method 2:

1 : antiderivative with C
3 {1 :solves for C using L(0) =0
1 : answer

1 : answer

Method 1:
1:30+ 8t

2 ¢
1:—f Jr+1ds
0

— or —
Method 2:

{ 1 : antiderivative with C
2

1 : answer

1: sets A'(t) =0
31 1: solves for ¢t

1: justification

Copyright © 2000 by College Entrance Examination Board and Educational Testing Service. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board.



2005 AB 2

This occurs when 1 = 25 minutes.

Smced—p>0for0<t<25 andﬁf.ﬂ for t = 25,

di dr
the o1l shick reaches 1ts maximum volume 25 nunmutes after the
device begins working.

(c) The volume of oil, in -:ms, in the slick at time ¢ = 25 munutes

’e
is given by 60,000 + J' , (2000 — (1)) dr.

6
(a) J.u R(t) dr = 31.815 or 31.816 yd* 9 - {] - integral
| 1 : answer with units
(L) F(r) = 2500 + L;{S{x} — R(x)) dx 1 : integrand
3: 4 1:Llinuts
1 : answer
() Y(DH=S{)—-R( 1 : answer
Y'(4) = 5(4) — R(4) = —1.908 or —1.909 vd® /hr
(d) ¥(t) =0 when S(r) — R(r) = 0. [ l:sets¥'(¢#) =0
The only value in [0, 6] to satisfy S(7) = R(¢) 314 1:critical r-value
is @ = 5.117865. 1 1 : answer with justification
T
0 | 2500
2492 3694
2493 2766
The amount of sand is a mininmm when ¢ = 5117 or
5.118 hours. The mininmum value is 2492 369 cubic yards.
2008 AB 3
(a) When » =100 ecmand 7 = 0.5 cm, (;—V = 2000 cm fmm 1: (:TJ,V = 2000 and — dr =25
4: :
and % ~ 25 cm/min. 2 : expression for o
1 answer
dv dr 2 dh
—— =2Ar—h+ ar
ar -~ dr dr
2000 = 27 (100)(2.5)(0.5) +E(100}' dh
C;? = 0.038 or 0.039 cm/min
dv dav : Yy _
(b) ya = 2000 — R(1), so ra = 0 when R(f) = 2000. 1: R(t) = 2000
3:4 1:answer

1 : justification

) { 1 : limits and mitial condition
1 : integrand



2009 AB B1

t
(a) R(1)=6 +f %(3 + sin(xz)] dx ]' 1 : integral
0 - . . - - -
R(3) = 6.610 or 6.611 3: 4 1:expression for R(7)
1:R(3)
(b) A(r) = JT(R(:‘)]2 [ 1 : expression for A(z)
A'(t) =2xR(t)R(1) 3: : expression for A'(¢)
4(3) = 8.858 em® .-‘""year : answer with units
(©) I ‘() dt = A(3) — A(0) = 24.200 or 24.201 1 : uses Fundamental Theorem of Calculus
3- 1 : value off A'(r) de
From time 7 = 0 to t = 3 years, the cross- )
sectional area grows by 24.201 square : meaning off (r)dt
centimeters.
2009 AB B6
40 . . . . . ( . 40
(b) J‘ o v(#) dt is the particle’s change in position in meters from time 1 : meaning of J . v(t) dt
t = 20 seconds to time 7 = 40 seconds. 3 2 : trapezoidal
approximation
&) TS (25 : ) " ) s
_[40"(3) gt ~ v(20) +(25) 54 v(25) +v(32) 74 v(32) +v(40) g
20 2 2 2
= =75 meters
(d) Since v/(r) = a(r) > 0 for 0 <7 <8, v(r) = 3 on this interval. 5. % 1:4(1) = a(t)
8 : . ati v :
Therefore. x(8) = x(0) + -[o v(t)dt =7+8-3>30. L1 explanation of x(8) > 30
2010 AB B3
12 1 : midpoint sum
(a) j P(?‘}(ﬁ==46-4+57-4+62—4=66[]ft3 2:{ P
0 1 : answer
12 1 : integral
(b) [ “R(r)dr = 225.594 fi° 2: { &
0 1 : answer
() 1000 + J' P(t) di —j R(1) dr = 1434.406 1 : answer
At time 7 =12 hours, the volume of water in the pool is
approximately 1434 ft*.
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