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p144 Section 2.6: Related Rates

e Find a related rate
» Use related rates to solve real-life problems

Finding Related Rates

We have used the chain rule to find dy/dx implicitly, but you can also use the
chain rule to find the rates of change of two or more related variables that
are changing with respect to time.

Example 1: Two Rates that are Related
Suppose x & y are both differentiable functions of t and are related by the
equation y = x* + 3. Find dy/dt &vhen x =1, given that dx/dt = 2 when x = 1.

Y= x"+3

&) = 2xax subst
& dt
H - 2()(2) = 4

@ = 'Lb("- 2% )

\= =1 X
&y = (- 1) 4
s
® Find ‘;ﬁ x=3 %c”
- (46) -0)(D) =12
@ﬁm dX = | %{:5
5 . (tm)-tv) g

- '2%
_5 ﬁ




Q) y=

\’:
&
dt

de (el dt % g o
® X3

l
| +x2%
(14x*)
A2 ax
-104x?) T (205
-2x _ dX g . 2Mec

:dy: ‘3("7-) 2 =-§
at  (1+(-2)* & 25 %

® x=0:dy. -2(0) (2) = O cmlsec

5=$inx

dy . cosx &

ot (|+0))?

_ql_x =2 cmisec

at K
de Find ;ﬂt
E (z_)-_- ‘£3:L2-) = V3 cms




Example 2: Ripples in a Pond P %S

A pebble is dropped into a calm pond, causing ripples in the form of concentric
circles. The radius r of the outer ripple is increasing at a constant rate of 1 foot per
second. When the radius is 4 feet, at what rate is the total area A of the disturbed
water changing?

_ 2 Rate of Chande of vradius:
A- Trr dw *F't/Sﬁc,

aA _ ac Ak~
25 = e dt r=4 Fiad 48 vl

g_é _areW () = g $tYeec

Guidelines For Solving Related-Rate Problems

1. Identify all given quantities and quantities to be determine. Make a sketch
and label the quantities.

2. Write an equation involving the variables whose rates of change either are
given or are to be determined.

3. Using the Chain Rule, implicitly differentiate both sides of the equation with
respect to time t.

4. After completing Step 3, substitute into the resulting equation all known
values for the variables and their rates of change. Then solve for the required
rate of change.



Here are some examples of mathematical models involving rates of change.

Verbal Statement Mathematical Model

The velocity of a car after traveling for 1 hour is  |x = distance traveled
50 miles per hour dx/dt =50 when t =1

Water is being pumped into a swimming pool ata |V = volume of water in pool
rate of 10 cubic meters per hour dV/dt =10 m3/hr

A gear is revolving at a rate of 25 revolutions per |g = angle of revolution
minute (1 revolution = 2nrad) d@/dt = 25(21r) rad/min

Example 3: An Inflating Balloon P 140
Air is being pumped into a spherical balloon at a rate of 4.5 cubic feet per minute.
Find the rate of change of the radius when the radius is 2 feet.

—

y=Vvolume Y=vadiwns

V= 2T

_ aVv
AY- ue” i‘; S A
9_. U (D)t dy
2 at
A _ 1 dv
2 d.b AACF2m
_3_ . O -ogqs x dr {[5895245555‘

3w " at
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Example 4: The Speed of an Airplane Tracked by Radar

An airplane is flying on a flight path that will take it directly over a radar tracking

station. If§.is decreasing at a rate of 400 miles per hour when s = 10 miles
what is the speed of the plane?

¥ when s=lo: x'+(0)*= (10"
S ; X'= \oo-3b
" ﬁ (ot

dS s —\-\'OON“’W =

x’+b = 5°

2xdx-_zs%s $=10, x*’%s%"‘,,-"*‘”

7_(5) d. 2 (o) (~400)

%{’ -500 mi [y Speed= 500 e

Example 5: A Changing Angle of Elevation

Find the rate of change in the angle_of elevation of the camera at 1Q.seconds
after lift-off.

S=50¢" =10
s =50(10)%= 5000

df = loot » Velocity of vocket

sectO Sec*®
df _¢os’@ .jwt
at 2000 (0SB =8 = 202
o =550 D de.ws'o Y
I b
ART o
%m\ ab md'*s‘y (”) S=8000




Example 6: The Velocity of a Piston

In an engine a 7-inch connecting rod is fastened to a crank of radius 3 inches.
The crankshaft rotates counterclockwise at a constant rate of 200 revolutions per
minute. Find the velocity of the piston when @ = 11/3.

d® .200(ZT) 1Rev= 2T
y N nd =1
- (= s
- X © ﬁiﬂ: Hootr % 3
Law of cos\ncs b*=qa%+4c*-2accos @
()= (3)*+x* - 2(3)xcose
49 =9 4 X* - WX Ose pevivative
0=12X ﬁ:— loE((-sme)d9 + C0s© (\)&)

0= 2x4 voxsine® -bcrsogy

(-2x+ \ocosOS%; loxsin® ﬁ

!gzgsme AQ
d‘b “3)("'(0(.@
93-“: %Qsl\odﬂ'

Law of cosines: b*=@%+C"-2accos®
F2= 344 -2(3) (N @S 5
49 =9 +x*- X [£)
H}o = x ~3X
0= X*3x-40
0=(X- 8)(x+5)
x=8 ©=F 42400
) dQ
_ uxsin
d‘b "%('H.OC@ G
w9 sing v'\%( ) (300TT)

at” -2(8)+(9cos:lr " Slotol%)
= W3 = - 4013 in /i

HW p\4d #321,35




14. Find the rate of change of the distance between the origin and a moving
point on the graph of y = sin x if dx/dt = 2 centimeters per second.

Vy=sinx  d¥X -
a-e 2omisec

bistance: D= X )2+ (yrY)?
Dist b/ ocigin (0,0) & MoVing Pt (x.y)
D= X2+y?  subst y=Sinx
D= X arix = (R4sictK)’®  Deriv.

- | d
40 = L (x% sinx) " (2x +23inx cosx) 4,
at

dD _ 2(x+ SINXCOSX) dx Lot ﬁ%’ 2

—

b 2(P+sin’x)72 dt
dp_ (x+sinxc.osx (2) _ 2x +2sinxcosX

at | \(xZesinix’ ey

#wW piso #2F
@ at+b’=c”

® A=3bh
© Angle - 4vig  SoHcahtoa



18. Volume: The radius r of a sphere is increasing at a rate of 2 inches per
minute.
(a) Find the rate of change of the volume when r = 6 inches and r = 24 inches
(b) Explain why the rate of change of the volume of the sphere is not constant
even though dr/dt is constant

V= 5‘-1\"Y3 dﬁ _2i0/min
= br (3r dV 4T (6)%(2) = 2887
olt 3 )3% @ r=b: T(0)*(2)= 'z/m
dav - L}Tr\r’%'f =3 31 41r(24)’(2) O BTT e
" ®1f 0" is constant, %—\s proportond
-I-o v?

20. Volume: All edges of a cube are expanding at a rate of 3 centimeters per
second. How fast is the volume changing when each edge is
(a) 1 centimeter and (b) 10 centimeters?

V=Xg M_ 3 emlsec
X d\l xt dax dt
' dt

X

@) X=\: g!é,_ 3(\)’(3) =9 en/sec

® x=10: dV.= 3 (19)*(3)= Q00 ov®/sec
at
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22. Volume: The formula¥ for the volume of a cone is }/ =%m*2h

Find the rate of change of the volume if dr/dt is 2 inches per minute
and h = 3rwhen (a) r =6 inches and (b) r = 24 inches.

V=3mr*h  Subst h=3r
= 2 =lo: dV -3™(0)*(2) =
v=Telan) @ rewidd (©)*(

y= T 2161 (0%/min
av_ ?wr‘gx ©® v=a4: di=am (24%(2)
dt T db = 345/ min

r=5
24. Depth: A conical tank (with vertex down) is 10 feet across the top and 12 feet

deep. If water is flowing into the tank at a rate of 10 cubic feet per minute, find the
rate of change of the de_pth of the water when the water is 8 feet deep.

dv - 10 ££3/min "
' dab
imilor As- ¥-h 5r=8
Sinilor A kv > ‘,)_h

v.—_-g‘rrzh Subst: V'='\Ezh
2
Y -.-"3"“' \%_“} h
V-.- 251!’ h3
3(1Y)

_ a5 2\dh
%!b' %G%)(a“ s

dVv - 251mh®.
de T g L

= oo dh
1440 Tt

N = h
|.g-"_{:-lzlmwn %T;

11



26. Depth: A trough is 12 feet long and 3 feet across the top. It ends are isosceles
triangles with altitudes of 3 feet.

(a) If water is being pumped into the trough at 2 cubic feet per minute, how fast is
the water level rising when it is 1 foot deep?

(b) If the water is rising at a rate of 3/8 inch per minute when h = 2, determine the
rate at which water is being pumped into the trough.

d_\l:: 2$t3/m1ﬂ
dt

2
3 v=2bh(12)
V= lobh b
\j:(ohz.
dV _ 1ou ¢
a6 E@ |
@ 2'—"2(‘)%%, @%—2; %lﬂlmm h’__.z
t“’ﬂf\“’ﬁ 3{3 )i(z)g)g qft A"\.M

28. Construction: A construction worker pulls a 5-meter plank up the side of a
building under construction by means of a rope tied to one end of the plank.
Assume the opposite end of the plank follows a path perpendicular to the wall of
the building and the worker pulls the rope at a rate of 0.15 meters per second. How
fast is the end of the plank sliding along the ground when it is 2.5 meters from the

h

fl

wall of the building? —
dv_0.15mM]s
\I,@' Sen ae )(2'+\Iz= 25
’ N 2x X & 2y 9Y =0
“ar o doat

x:«;‘g dk _4_’_‘::'1_&_3
dt X dt

dx _ -
a’é' _}(o.\s)

dx - ~1F35 (0.15) = -0.269
dt 2.5 m|sec
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30. Boating: A boat s pulled into a dock by means of a winch 12 feet above the deck
of the boat. (let L = length of the rope)

(a) The winch pulls in rope at a rate of 4 feet per second. Determine the speed of the
boat when there is 13 feet of rope out. What happens to the speed of the boat as it
gets closer to the dock?

(b) Suppose the boat is moving at a constant rate of 4 feet per second. Determine
the speed at which the winch pulls rope when there is a total of 13 feet of rope out.
What happens to the speed at which the winch pulls in rope as the boat gets closer

to the dock? dL _ [ aeks SVY]CLHCY
. ab= -4 flsec (Lg )

@ L= (12)"+x
| = -|44+x
132=]2’2+X2 dx

7 ‘%Sf'fde

dx - L(74) = ~4L
i3
~.q'.‘£5ﬂ = ~[0. 4%ISCO

dx
dat
Therefore the speed of the boat increases as it approaches the dock.
® d! -4 L(sec  LF(3 £L
il, _X alx -2 (—4) = -1.538 f4/sec
gt L d

As L approaches zero, dL/dt increases

13



32. Air Traffic Control: An airplane is flying at an altitude of 5 miles and passes
directly over a radar antenna. When the plane is 10 miles away (s = 10), the radar
detects that the distance s is changing at a rate of 240 mile per hour. What is the

speed of the plane? ds = 240 mi /\m/
i X ; xz“’_Y S y:S mi
X+25=s"
% 2xdx = 2
2 ......................... dt
When $=10 dd_é‘_:%%%
o 1R2
524x" = 10 dx - 10, (240) =232 \28mi/nr
X= \l 00 -29
= 5\3 Syeed c 244.‘28 mphn
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