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4-1 _ Study Guide and Intervention

Right Triangle Trigonometry

Values of Trigonometric Ratios The side lengths of a right triangle and a reference
angle @ can be used to form six trigonometric ratios that define the trigonometric
functions known as sine, cosine, and tangent. The cosecant, secant, and cotangent
ratios are reciprocals of the sine, cosine, and tangent ratios, respectively. Therefore, they
are known as reciprocal functions.

Let 6 be an acute angle in a right triangle and the abbreviations opp, adj, and hyp refer
to the lengths of the side opposite #, the side adjacent to 6, and the hypotenuse, respectively.

Then the six trigonometric functions of @ are defined as follows. - by
sine (6) = sin 6 = (o5 cosine (6) = cos 6 = f:—; tangent (§) = tan 6 = 25 i
cosecant (6) = csc 8 = —2%% secant (6) = sec 8 = %‘; cotangent (6) = cot 8 = 3""% adj

P o e "

B W Find the exact values of the sixrtrrigonometric -
functions of 6. :

Use the Pythagorean Theorem to determine the length of the hypotenuse.

152 + 32 =¢* a=15b=3
234 = ¢? Simplify.
c =V234 or 3vV26 Take the positive square root.

. OPP _ 3 V26 _adj 15 5V 26 _opP _ 3 1
sin @ = teo ~ BvEE or —5¢ cosa_hyp—a\/ggor oG taant‘)#——--—adj—15or5
_ hyp  3Vv26 __hyp _ 3v26 V26 _adj 15
csc 0= opp = 3 or V26 Sece_adj =17 ' % cote—ﬁ——3—or5

Exercises
Find the exact values of the six trigonometric functions of 6.
1. 10 2.
19
7
5 a

Use the given trigonometric function value of the acute angle # to find the exact
values of the five remaining trigonometric function values of 8.

3.sine=§ 4. sec 6 =

oo

Chapter 4 5 Glencoe Pracalculus
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Right Triangle Trigonometry

Solving Right Triangles To solve a right triangle means to find the
measures of all of the angles and sides of the triangle. When the
trigonometric value of an acute angle is known, the inverse of the
trigonometric function can be used to find the measure of the angle.

Trigonometric Function Inverse Trigonometric Function
y =sinx x = sin~' y or x = arcsin ¥
y = Ccos X X = c0s™' y or x = arccos y
y =tan x x =tan~'yorx = arctan y

Solve AABC Iw{oﬁil’aéider méasures to the nearest A

e i

tenth and':'mgle measures to the nearest degree. %5
Because two lengths are given, you can use the Pythagorean o
Theorem to find that a is equal to V825 or about 28.7. al B
Find the measure of ZA using the cosine function. a
g
cos 6 = 0 Cosine function
hyp
cos A = % Substitute b = 20 and ¢ = 35.
A =cos! 20 Definition of inverse cosine

35
A = 55.15009542  uUse a calculator.

Because A is now known, you can find B by subtracting A from 90°.
55.15 + B = 90 Angles A and B are complementary.

B = 34.85° Subtract.
Therefore, a ~ 28.7, A =~ 55°, and B ~ 35°.

Exercises

Find the value of x. Round to the nearest tenth if necessary.
].o 2' 25n

X 20

60°

Solve each triangle. Round side measures to the nearest tenth and
angle measures to the nearest degree.

3. s L Q 4. c
3 . 9
10 - b
A 2 B

Chapter 4 ' 6
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'4-3 _ study Guide and Intervention

Trigonometric Functions on the Unit Circle

Trigonometric Functions of Any Angle The definitions of the six trigonometric
functions may be extended to include any angle as shown below.

Let 6 be any angle in standard position and point P(x, y) be a point on the terminal side of 6. J
Let r represent the nonzero distance from P to the origin. That is, let r = VxE+y? #0.
Then the trigonometric functions of 8 are as follows. /r\g
X -
sinB:—’,ﬁ csc9=§,y¢0 Y ) X
|
| cos =% sech=L,x#0 V4
| y X Pix, y) f==y
| tan =5, x#0 cow:?,yaéo

You can use the following steps to find the value of a trigonometric function of any angle 6.
1. Find the reference angle 6.
2. Find the value of the trigonometric function for 8’.

3. Use the quadrant in which the terminal side of @ lies to determine the sign of
the trigonometric function value of 6.

b vessermn sy L€t (=9, 12) be a point on the terminal side of an angle 6 in
standard position. Find the exact values of the six trigonometric functions of 6.
Use the values of x and y to find 7. 1 Y

r=v\lx% +y* Pythagorean Theorem (=9,12)

= V(-9)? + 122 x=-9andy =12 ‘\B

W LT Rk A P Ry - Ry e

= V225 or 15 Take the positive square root. 4 X

Usex = —9,y = 12, and r = 15 to write the six trigonometric ratios.

: —y_12 4 —x_-9 ._3 -y _ 12 4

s1n9_r._150r5 cos @ F =3g or 5 tanB—x-—Té-or~3
—_r_15 .5 i op 2% oy D —x_=9 3

csc =5 =5 0r 4 sec =z =—gor—3 cotﬂ—y—-a?or-—z

Exercises

The given point lies on the terminal side of an angle 6 in standard position.
Find the values of the six trigonometric functions of 6.

1. (2, -5) 2. (12, 4) 3. (-3, -8)

Copyright © Glencoe/McGraw-Hill, a division of The McGraw-Hill Companies, Inc.

Find the exact value of each expression.
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o] . 51
A 4. sin == 5. csc 210° 6. cot (—315°)
Chapter 4 15 Glencoe Precalculus
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4-3  Study Guide and Intervention (ontinuca)

Trigonometric Functions on the Unit Circle

Trigonometric Functions on the Unit Circle You can use the unit circle
to find the values of the six trigonometric functions for 8. The relationships between
@ and the point Px, ¥) on the unit circle are shown below.

rLet t be any real number on a number line and let P(x, y) be the point g}:ﬂ: )t osrin 5
on t when the number line is wrapped onto the unit circle. Then the ’
trigonometric functions of t are as follows.

y
\r
t
A
sint =y cos t = x tant=% x+0 !/ X
csct:%,y;éo secf:—’x-,xqeo coit:%,yaﬁo

L 1

Therefore, the coordinates of P corresponding to the angle ¢ can be written as P(cos ¢, sin £).

JTeTTm———— e

i W Find the exact value of tan —531 If undefined, write undefined.
_§3£ corresponds to the point (x, y) = (%, ——\fz) on the unit cirle.
tant? = -:— Definition of tan t
_V3
tan—aél= l2 )r:%r:tﬂdy:——‘g—:iwhent=—§é’L
2
tan —5511 = —\/5 Simplify.
Exercises

Find the exact value of each expression. If undefined, write undefined.

us _3%
1. tan 3 2. sec 1
3. cos % 4. sin é}
5. cot 2% B DT
3 6. csc 3
7. tan —-60° 8. cot 270°
Chapter 4 16
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4-7 _ Study Guide and Intervention

The Law of Sines and the Law of Cosines

Solve Oblique Triangles The Law of Sines can be used to solve an oblique triangle
when given t}?e measures of two angles and a nonincluded side (AAS), two angles and the

included side (ASA), or two sides and a nonincluded angle (SSA).

The Law of Cosines can be used to solve an oblique triangle when given the measures of
three sides (SSS) or the measures of two sides and their included angle (SAS).

T . S 5
s isiic s D0lve A ABC. Round side lengths to the
nearest tenth and angle measures to the nearest degree. ¢ ~7100°\ 15
Because two angles are given, A 4 7 c
C = 180° — (100° + 30°) or 50°.
Use the Law of Sines to find b and e.
sinA _ sin B , sinA _ sinC
~a = _b_ Law of Sines a "¢
sn':ll §0° _ sin blOO" Substibsfion su;L gO" _ smCSO
b sin 30° = 15 sin 100° Cross products ¢ sin 30° = 15 sin 50°
_ 15 sin 100° o . Co _ 15 sin 50°
b =i Divide each side by sin 30°. == 50
b=~ 295 Use a calculator. ¢ = 23.0

Therefore, b ~ 29.5, ¢ ~ 23.0, and C = 50°.
Exercises

Solve each triangle. Round side lengths to the nearest tenth and angle
measures to the nearest degree.

1. C 2. A
20 12
B % A 8
100°
B
10 c
3. 2
5 I 4. c
150°
P 10 30° A
45°
B
/
Chapter 4 37 f3lanrna Deanatachaa
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&

(continued)

The Law of Sines and the Law of Cosines

Find Areas of Oblique Triangles When the measures of all three sides of an oblique

triangle are known, Heron’s Formula can be used to find the area of the triangle.

Heron’s Formula
if the measures of the sides of AABC are a, b, and ¢, B
then the area of the triangle is . 4
Vs(s - a)(s - b) (s — ¢),
wheres:%(a+b+c). 4 b ©

When two sides and the included angle of a triangle are known, the area is one-half the

product of the lengths of the two sides and the sine of the included angle.
i  Areaofa Triangle Given SAS 1

The value of s is —%»(20 + 22 + 36) or 39.

Area = \/s(s — x)(s — y)(s — 2)
= V/39(39 — 20)(39 — 22)(39 — 36)

= 4/37,791 or about 194.4 in?

Exercises

Area = %bc sin A G
Area = %ac sin B b a
Area = Lab sin C B8
2 c
e Find the area of AXYZ to the nearest tenth.
Y
Heron’s Formula 36 in.
20 in.
§ =39, x = 20,
y=22,andz =36 X
22in.
Simplify.

Use Heron’s Formula to find the area of each triangle. Round to the nearest tenth.

1. AABCifa =141, =9ft,c =8 ft

2, AFGHiff:Sin.,g=9in.,h=3in.

3. AMNPifm=3yd,n=4.6yd,p=5yd 4. AXYZifx:Scm,y=12cm,z=13cm

Find the area of each triangle to the nearest tenth.

5. ARSTiHfR =50°,5 = 12yd, t = 14 yd

7. ADEFifd = 15 ft, E=135°,f= 18 ft

Chapter 4

6. AMNPifn =14 ft, P = 110°, N = 25°

8. /_\.JKLifj:4.3m,l=3.9m,K=82°

38 Glencoe Precalculus
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4-1 _ Study Guide and Intervention

Right Triangle Trigonometry

Values of Trigonometric Ratios The side lengths of a right triangle and a reference
angle # can be used to form six trigonometric ratios that define the trigonometric
functions known as sine, cosine, and tangent. The cosecant, secant, and cotangent
ratios are reciprocals of the sine, cosine, and tangent ratios, respectively. Therefore, they
are known as reciprocal functions.

Let # be an acute angle in a right triangle and the abbreviations opp, adj, and hyp refer
to the lengths of the side opposite #, the side adjacent fo 8, and the hypotenuse, respeclively.
Then the six trigonometric functions of @ are defined as follows. 0p hyp
- SBB ; = o .
sine (9) = sin 8 = =2 cosine (6) = cos 8 = 5 tangent (6) =tan § = d}
LA = sec p="2P 24 ad
cosecant (#) = csc 8 = Gop  Secant (8) = sec f = 'y cotangent (8) = cot 8 = 5
m
- Find the exact values of the six tngonometrlc L -
functions of 0. -‘ i
Use the Pythagorean Theorem to determine the length of the hypotenuse.
15% + 32 =¢? a=15b=3
234 =¢* Simplify.
c=V234 or 3vV26 Take the positive square root,
; opp 3 V26 adi _ 15 5\/_ opp_ 3 1
sin 8 = a= or cos 8= %= tan 8 =— =15 0%
hyp  3V26 26 Byp  3vZ6 adj 15
_ by 3W% _hvp _3V26 V26 adj. 15
cs¢ 0= Gp5 =—7 or v6 sece_adj— 15 g cot =355 =73 0rd
Exercises
Find the exact values of the six trigonometric functions of 6.
1. 10 2. o
7
5 _ 0
é 2V78
sin e—% cos B_T’
. 25 V5 e 19
=——,c080=—,tan 0=2 - =—
sing@ 5 s C 5 3 ’ tan 8 = 156 C 0= 7
5 1 V78 +/
cscez—‘i—:,sect?:\fg,cotozz 506 B = 19156 ,cotg=2778

Use the given trigonometric function value of the acute angle 8 to find the exact
values of the five remaining trigonometric function values of 6.

3. sin 0= 3 4 secO=7%
,[ NET . \/39 v
cos 0__.3....._....'{ 0——3—-—-— 5|n9=-8— 0059::2 tan9=—53—9-,
\/ 2\/10 V39 \/
csca:l, sec 0= f w—— CSCB—_..-L__ tg__i___
3 3 39
5 Glencoe Precalculus
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Right Triangle Trigonometry

Solving Right Triangles To solve a right triangle means to find the
measures of all of the angles and sides of the triangle. When the
trigonometric value of an acute angle is known, the inverse of the
trigonometric function can be used to find the measure of the angle,

Trigonometric Function Inverse Trigonometric Function:

y = sin x X =sin""y or x = arcsin y
y=005x X =C08™' y of X = arccos y
y=tfanx X =tan"'y orx = arctan y

i Solve AARBC. Round side measures to the nearest A
tenth and angle measures to the nearest degree,
Because two lengths are given, you can use the Pythagorean )
Theorem to find that q is equal to V825 or about 28.7.
Find the measure of ZA using the cosine function. G &
cos 0= LN
hyp

cos A =2—32 Substitute b = 20 and ¢ = 35,

Cosine function

A=cos1 2 Definition of inverse cosine
35
A= 55.15009542 " Use a calculator.

Because A is now known, you can find B by subtracting A from 90°,
55.15 + B=90 Angles A and B are complementary.

B =3485° Subtract.
Therefore, @ ~ 28.7,A ~ 55°, and B ~ 35°,

Exercises

Find the value of . Round to the nearest tenth if necessary.

1. about 17.3 % a about 18.9
X 20

Solve each triangle. Round side measures to the nearest tenth and
angle measures to the nearest degree.

3. s r Q r=495, 4, c A =41

3 S$=175, AR b =104,
¥ Sk R=725° ) c=137

¢ B
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Trigonometric Functions on the Unit Circle

Trigonometric Functions of Any Angle The definitions of the six trigonometric
functions may be extended to include any angle as shown below.

Let 6 be any angle in standard position and point P(x, y) be a point on the temminal side of 6. Y
Let r represent the nonzero distance from P 1o the onigin. That is, letr = \/ x* + y2 # 0.
Then the trigonometric functions of 8 are ag follows. -

)
P 2 o
in0=7 cscO=1Ly#0 IR, (R
]
cosf=% secd="Lx40 V Jr
y x Prp sy
tano=X x40 co6=% y40

You can use the following steps to find the value of a trigonometric function of any angle .
1. Find the reference angle #",

2. Find the value of the trigonometrie function for &',

3. Use the quadrant in which the terminal side of @ lies to determine the sign of
the trigonometric function value of 8

.

Foinsmmssy L@t (=9, 12) be a point on the terminal side of an angle @ in

;%andard position. Find the exact values of the six trigonometric functions of 8,

Use the values of x and y tofind r, 4
r=y\a?+y? Pythagorean Theorem (=9,12)
= V(=9 +12°  x= gandy=12 —_—N |
=V2250r 15 Take the posiive square ool v . |
Usex = -9,y = 12, and r = 15 to write the six trigonometric ratios,
=212 .4 L ) _Y_ 1 4
smeil_,__.lscar5 cos@-r-lsor 5 mn6—3--?0r-§
r_1 .5 =r_15 . 5 _x_ -9 3
csc @ = .—mor4 seceﬁx—_gor 3 cotG-—;——Eor—z-
Exercises
The given point lies on the terminal side of an angle @ in standard position.
Find the values of the six trigonometric functions of 6,
L. (2, -5) 2. (12, 4) 3. (-3, -8)
2 1 1
sin = -—i@, cos a=—-@, sin ozﬂ, cos 8=f-0—, sing= - 8\/'?3, Cos 0= —ﬂ,
29 29 10 10 73
29
tanﬂ:-—%,csc&:-—-—v;:—, tanﬂ:%,csc0=\f1_o, tano:%,csco=___@,
8

3

29 V1o
5309=_2—-,00ta=—"§ secg=——3——,cot9=3 sec8=-—-—\l-?—.co!0=-‘—

Find the exact value of each expression,

: 3
4. sm—5-§1 ——\{— 8. csc 210° -2 6. cot (--315°) 1
Chapter 4 15
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.43 _ Study Guide and Intervention (continued)

Trigonometric Functions on the Unit Circle

Trigonometric Functions on the Unit Circle You can use the unit circle
to find the values of the six trigonometric functions for 9. The relationships between
6 and the point P(x, y) on the unit circle are shown below.

Let t be any real number on a number line and let P(x, y) be the point z(x' y’{‘”.
on t when the number line is wrapped onto the unit circle. Then the (00, sin )
trigonometric functions of t are as foliows.

-

1
sm[:y CoSt=x 1ant=%'.x#‘0 Q/vx
cscz:‘v,y:ﬁo seCt=1x#0 cott=7,y#0

Therefore, the coordinates of P corresponding to the angle ¢ can be written as P(cos t, sin ).

Za

ey ey e b e

MM Find the exact value of tan %’-‘- If undefined, write undefined.

5?" corresponds to the point (x, y) = ( %, ~—5jon the unit cirle,
tant = {— Definition of tan
_V3
tan%“—: .1_2 Jt:%andy:——"?—\\hﬁﬁ[:-ssE
2
tan %5 = —-\/§ Simplify.
Exercises

- Find the exact value of each expression. If undefined, write undefined.

LtanZ  undefined 2. sec —3—;‘- -2
Fkis \/5 i O _-..__.\/5
3. COST -——2- 4, sin i 2
5. cot 2% —\/—5 6. csc —2T 2_\_/__2_
’ 3 3 3 3
7.tan—60° —/3 8. cot 270° 0
Chapter 4 16 Glencoe Precalculus
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4-1 _ Study Guide and Intervention

The Law of Sines and the Law of Cosines

Solve Oblique Triangles The
when given the measures of tw

Law of Sines can be used to solve an oblique triangle
included side (ASA), or two sid

o angles and a nonincluded side (AAS), two angles and the
es and a nonincluded angle (SSA).

The Law of Cosines can be used to solve an oblique triangle when given the measures of
three sides (SSS) or the measures of two sides and their included angle (SAS).

Ssmmsn s’ S0Ive AABC. Round side lengths to the g
nearest tenth and angle measures to the nearest degree. ¢~ 100°\ 15
Because two angles are given, Al 2 c
C = 180° ~ (100° + 30°) or 50°.
Use the Law of Sines to find b and .
smA _ snB , sinA _ sinC
e = 3 Law of Sines g g
sin 30° _ sin 100° - sin 30° _ sin 50°
TN -—-———-—-—b Substitution 15 ¢
b sin 30° = 15 sin 100° Cross products ¢ sin 30° = 15 sin 50°
__15 sin 100° . : . _ 15 gin 50°
b e T Divide each side by sin 30". €= 30
b=295 Use a calculator. c=~230
Therefore, b ~ 29.5, ¢ ~ 23.0, and C = 50°,
Exercises
Solve each triangle. Round side lengths to the nearest tenth and angle
measures to the nearest degree,
1. c 2. A
2 12
B 25 A 8

B
10 .

b=138,A =45, C = 35°

‘B - c 4. c

10 30° A
" 45°
B

B =10°,b=69.5,¢c = 136.8 C=105,b=141,c =193

Chapter 4 37
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Study Guide and Intervention  ccontinuedd

The Law of Sines and the Law of Cosines

Find Areas of Oblique Triangles When the measures of all three sides of an oblique
triangle are known, Heron's Formula can be used to find the area of the triangle.

~ Heron's Formuta i
if the measures of the sides ot AABC are a, b, and ¢, 8
then the area of the triangle is . .
ys(s - a)(s — by (s - ¢},

wheres:%(a+b+c). A

When two sides and the included angle of a triangle are known, the area is one-half the
product of the lengths of the two sides and the sine of the included angle.

{ '  Areacfa Triangle Given SAS i
Area = —12~bc SinA o
Area = Jac sin B : 4
Area = -12-ab sinC A & B
<
L!, ; - !_ P Find the area of AXYZ to the nearest tenth.
The value of 5 is (20 + 22 + 36) or 39, Y
Area = \[s(s — xXs — y)(s - 2) Heron's Formuta 36 in. -
0.
=1/39(39 — 20%39 — 22)(39 — 36) § =30, x = 20,
y=22,and z = 36
= /37,791 or about 194.4 in? Simplify. &

Exercises

Use Heron’s Formula to find the area of each triangle. Round to the nearest tenth.
1. AABCifa=14ft,b=9ft,c=8ft

2. AFGH if f=8in.,g =9in, h = 3 in.
33.7 f1? 11.8in?
3. AMNPifm=3yd,n=46yd,p=5yd 4. AXYZfx=8cm,y=12cm, z = 13 em
6.8 yd? 47 cm?

Find the area of each triangle to the nearest tenth.
5. ARSTifR =560°,5 = 12yd, ¢ = 14 yd

6. AMNPifn =14 ft, P = 110°, N = 25°
64.3 yd? 154.1 12
1. ADEF ifd = 16ft, E=135",f=18ft 8. AJKLifj = 43m,/=39m,K = 82°
95.5 2 8.3 m?
Chapler 4 38
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